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Abstract: We prove the basic trigonometric Korovkin approximation theorem for fuzzy valued funcions of two
variables and verify the approximation via the fuzzy modulus of continuity. Some applications concerning Fourier
series of fuzzy valued functions are also given.
1 Introduction
The classical trigonometric Korovkin theorem is stated as follows [1].
Theorem. Let (Ln) be a sequence of positive linear operators from the space C2pi(R) into itself. Then limn ‖Ln(f)−
f‖ = 0 for all f ∈ C2pi(R) if and only if limn ‖Ln(fi) − fi‖ = 0 for i = 0, 1, 2 where f0(x) = 1, f1(x) =
cos x, f2(x) = sinx.
Korovkin approximation theorems examine the approximation of functions via sequences of positive linear opera-
tors by exhibiting a finite number of test functions whose approximation ensures the approximation of all functions
in the space. Since the introduction, Korovkin theorems have impressed many mathematicians due to their simplic-
ity and power when dealing with approximation of continuous functions. Researchers presented various test func-
tions in different spaces of continuous functions and provided applications concerning some known approximation
processes such as Bernstein operators, Kontorovich operators, convolution operators, Gauss-Weistrass operators.
Besides, the concept of modulus of continuity is used to study the rates of convergence of approximating operators
and fruitful results are achieved. For some of these results we refer to [2–10].
The facts that human being met in natural world generally contain incomplete and unclear data. Researchers
proposed many uncertainty theories(e.g. evidence theory, probability theory, fuzzy set theory) to handle imprecise
knowledge occurring in real-world facts. Among them, fuzzy set theory was introduced by Zadeh [11] as an ex-
tension of classical sets and has been successfully applied to many fields of science. In mathematics a great deal
of concepts in classical set theory are extended to fuzzy settings. Fuzzy Korovkin theorems are proved to approxi-
mate continuous fuzzy valued functions of single variable and corresponding rates of approximation are examined
via fuzzy modulus of continuity [12–14]. Moreover, approximation via fuzzy convolution type operators is also
studied recently [15–17]. In this paper we establish the basic trigonometric Korovkin approximation theorem for
2π-periodic and continuous fuzzy valued functions of two variables and verify the convergence of approximating
operators by means of fuzzy modulus of continuity. In the sequel, we introduce double fuzzy Fejer operators and
double fuzzy Abel-Poisson operators via the concept of double level Fourier series of fuzzy valued functions and
apply the results of Section 3 to double fuzzy Fejer operators and to double fuzzy Abel-Poisson operators. Uniform
continuity of 2π-periodic and continuous fuzzy valued functions of two variables is also achieved in the paper.
Keywords: Korovkin approximation theorems, fuzzy set theory, Fourier series, summability methods
2 Preliminaries
A fuzzy number is a fuzzy set on the real axis, i.e. u is normal, fuzzy convex, upper semi-continuous and suppu =
{t ∈ R : u(t) > 0} is compact [11]. RF denotes the space of fuzzy numbers. α-level set [u]α is defined by
[u]α :=
{
{t ∈ R : u(t) ≥ α} , if 0 < α ≤ 1,
{t ∈ R : u(t) > α} , if α = 0.
r ∈ R may be seen as a fuzzy number r defined by
r(t) :=
{
1 , if t = r,
0 , if t 6= r.
Theorem (Representation Theorem). [18] Let [u]α=[u
−(α), u+(α)] for u ∈ RF and for each α ∈ [0, 1]. Then the
following statements hold:
(i) u−(α) is a bounded and non-decreasing left continuous function on (0, 1].
(ii) u+(α) is a bounded and non-increasing left continuous function on (0, 1].
(iii) The functions u−(α) and u+(α) are right continuous at the point α = 0.
(iv) u−(1) ≤ u+(1).
Conversely, if the pair of functions γ and β satisfies the conditions (i)-(iv), then there exists a unique u ∈ RF such
that [u]α := [γ(α), β(α)] for each α ∈ [0, 1]. The fuzzy number u corresponding to the pair of functions γ and β
is defined by u : R→ [0, 1], u(t) := sup{α : γ(α) ≤ t ≤ β(α)}.
Let u, v ∈ RF and k ∈ R. The addition and scalar multiplication are defined by
[u+ v]α = [u]α + [v]α = [u
−
α + v
−
α , u
+
α + v
+
α ] , [ku]α = k[u]α
where [u]α = [u
−
α , u
+
α ], for all α ∈ [0, 1]. Partial ordering on RF is defined as follows:
µ  ν ⇐⇒ [µ]α  [ν]α ⇐⇒ µ
−
α ≤ ν
−
α and µ
+
α ≤ ν
+
α for all α ∈ [0, 1].
The metric D on RF is defined as
D(u, v) := sup
α∈[0,1]
max{|u−α − v
−
α |, |u
+
α − v
+
α |}
and metric space (RF ,D) is complete [19].
A function f on R2 is 2π-periodic if for all (x, y) ∈ R2
f(x, y) = f(x+ 2kπ, y) = f(x, y + 2kπ)
holds for k = 0,±1,±2, . . . . The space of 2π-periodic and real valued continuous functions on R2 is denoted by
C2pi(R
2) and is equipped with the norm
‖f‖ = sup
(x,y)∈R2
|f(x, y)| (f ∈ C∗(R2)).
A fuzzy valued function of two variable f : K ⊂ R2 → RF has the parametric representation
[f(x, y)]α =
[
f−α (x, y), f
+
α (x, y)
]
for each (x, y) ∈ K and α ∈ [0, 1]. The set of all 2π-periodic and continuous fuzzy valued functions on R2 is
denoted by C
(F)
2pi (R
2) where the continuity is with respect to metric D. C
(F)
2pi (R
2) is equipped with the metric
D∗(f, g) = sup
(x,y)∈R2
D(f(x, y), g(x, y)) = sup
(x,y)∈R2
sup
α∈[0,1]
max{|f−α (x, y)− g
−
α (x, y)|, |f
+
α (x, y)− g
+
α (x, y)|}.
Here we note that if f ∈ C
(F)
2pi (R
2) then f∓α ∈ C2pi(R
2) in view of metric D.
For f ∈ C
(F)
2pi (R
2) the modulus of continuity of f is defined by
ωF (f ; δ) := sup{D (f(x, y), f(u, v)) : (x, y), (u, v) ∈ R2,
√
(u− x)2 + (v − y)2 ≤ δ}
for any δ > 0.
We need following lemma concerning periodic and continuous fuzzy valued functions on R2.
Lemma 1. Let f be a 2π-periodic and continuous fuzzy valued function defined on R2, i.e. f ∈ C
(F)
2pi (R
2). Then
for all δ ∈ [0, π] we have
ωF (f
∣∣
[0,2pi]×[0,2pi]
; δ) ≤ ωF (f ; δ) ≤ 3ωF (f
∣∣
[0,2pi]×[0,2pi]
; δ). (2.1)
Proof. For convenience denote (x, y), (u, v) ∈ R2 with z = (x, y), w = (u, v) and d(z, w) =
√
(x− u)2 + (y − v)2.
The left hand side inequality is obvious. For the right side, let partR2 as Imn = [2mπ, 2(m+1)π]×[2nπ, 2(n+1)π]
wherem,n ∈ Z. Then for any z, w ∈ R2 with d(z, w) ≤ δ, there exist following possibilities:
(1) ∃m,n ∈ Z such that z, w ∈ Imn
(2) ∃m,n ∈ Z such that z ∈ Imn, w ∈ Im+1,n or z ∈ Im+1,n, w ∈ Imn
(3) ∃m,n ∈ Z such that z ∈ Imn, w ∈ Im,n+1 or z ∈ Im,n+1, w ∈ Imn
(4) ∃m,n ∈ Z such that z ∈ Imn, w ∈ Im+1,n+1 or z ∈ Im+1,n+1, w ∈ Imn
(5) ∃m,n ∈ Z such that z ∈ Imn, w ∈ Im−1,n+1 or z ∈ Im−1,n+1, w ∈ Imn
We do the proof for only the first parts of the cases since proofs for the second parts are done similarly by changing
the roles of z and w. Before to continue with proofs, let z′ = (x− 2mπ, y − 2nπ), w′ = (u− 2mπ, v − 2nπ) and
denote the set of all points on the line segment conncecting the points z′ and w′ with ℓ. We note that d(z′, w′) =
d(z, w) ≤ δ.
Case (1). z, w ∈ Imn and so we have z
′, w′ ∈ I00. Then from periodicity of f we get
D(f(z), f(w)) = D(f(z′), f(w′)) ≤ ωF (f
∣∣
I00
; δ) ≤ 3ωF (f
∣∣
I00
; δ).
Case (2). z ∈ Imn, w ∈ Im+1,n and so we have z
′ ∈ I00, w
′ ∈ I10. From periodicity of f we get
D(f(z), f(w)) = D(f(z′), f(w′))
≤ D(f(z′), f(ℓ′)) +D(f(ℓ′), f(w′))
≤ ωF (f
∣∣
I00
; δ) + ωF (f
∣∣
I10
; δ)
= 2ωF (f
∣∣
I00
; δ) ≤ 3ωF (f
∣∣
I00
; δ)
where ℓ′ = ℓ ∩ I00 ∩ I10.
Cases (3). A procedure analogous to that in case (2) can be applied by choosing ℓ′ = ℓ ∩ I00 ∩ I01.
Cases (4). z ∈ Imn, w ∈ Im+1,n+1 and so we have z
′ ∈ I00, w
′ ∈ I11. If (2π, 2π) ∈ ℓ then
D(f(z), f(w)) = D(f(z′), f(w′))
≤ D(f(z′), f(2π, 2π)) +D(f(2π, 2π), f(w′))
≤ ωF (f
∣∣
I00
; δ) + ωF (f
∣∣
I11
; δ)
= 2ωF (f
∣∣
I00
; δ) ≤ 3ωF (f
∣∣
I00
; δ).
If (2π, 2π) 6∈ ℓ and ℓ ∩ I10 6= ∅ then we choose ℓ
′ = ℓ ∩ I00 ∩ I10 and ℓ
′′ = ℓ ∩ I10 ∩ I11. Then we get
D(f(z), f(w)) = D(f(z′), f(w′))
≤ D(f(z′), f(ℓ′)) +D(f(ℓ′), f(ℓ′′)) +D(f(ℓ′′), f(w′))
≤ ωF (f
∣∣
I00
; δ) + ωF (f
∣∣
I10
; δ) + ωF (f
∣∣
I11
; δ)
= 3ωF (f
∣∣
I00
; δ).
If (2π, 2π) 6∈ ℓ and ℓ ∩ I10 = ∅, then we choose ℓ
′ = ℓ ∩ I00 ∩ I01, ℓ
′′ = ℓ ∩ I01 ∩ I11 and get
D(f(z), f(w)) = D(f(z′), f(w′))
≤ D(f(z′), f(ℓ′)) +D(f(ℓ′), f(ℓ′′)) +D(f(ℓ′′), f(w′))
≤ ωF (f
∣∣
I00
; δ) + ωF (f
∣∣
I01
; δ) + ωF (f
∣∣
I11
; δ)
= 3ωF (f
∣∣
I00
; δ).
Cases (5). This case is similar to the case (4), hence omitted.
In all cases, taking supremum over {z, w ∈ R2 : d(z, w) ≤ δ} we get the claim.
Theorem 2. Let f ∈ C
(F)
2pi (R
2), then f is bounded and uniformly continuous.
Proof. Let f ∈ C
(F)
2pi (R
2). By Lemma 10.8 in [20, p. 131] we have
D(f(x, y), 0¯) ≤M, ∀(x, y) ∈ [0, 2π] × [0, 2π], M > 0.
For any (u, v) 6∈ [0, 2π] × [0, 2π] there exists (x, y) ∈ [0, 2π] × [0, 2π] such that (u, v) = (x + 2mπ, y + 2nπ)
wherem,n ∈ Z. Hence we have
D(f(u, v), 0¯) = D(f(x, y), 0¯) ≤M, ∀(u, v) ∈ R2\[0, 2π] × [0, 2π]
which proves that fuzzy valued function f is bounded on R2.
f is uniformly continuous on [0, 2π] × [0, 2π] by Heine-Cantor theorem. Then, by (v) of Proposition 10.7
in [20, p. 129], we have limδ→0 ω
F (f
∣∣
[0,2pi]×[0,2pi]
; δ) = 0. Thus by Lemma 1 we get
lim
δ→0
ωF (f ; δ) = 0,
and this implies the uniform continuity of f on R2 in view of (v) of Proposition 10.7 in [20, p. 129].
In view of Theorem 2 above and Proposition 10.7(i)-Proposition 10.3 in [20, pp. 128–129] we have the follow-
ing theorem.
Theorem 3. [20] Let f ∈ C
(F)
2pi (R
2). Then for any δ > 0
ωF (f ; δ) = sup
α∈[0,1]
max
{
ω(f−α ; δ), ω(f
+
α ; δ)
}
.
Now let L : C
(F)
2pi (R
2) → C
(F)
2pi (R
2) be an operator. Then L is said to be fuzzy linear if, for every λ1, λ2 ∈ R,
f1, f2 ∈ C
(F)
2pi (R
2) and (x, y) ∈ R2,
L(λ1f1 + λ2f2;x, y) = λ1L(f1;x, y) + λ2L(f2;x, y)
holds. Also L is called fuzzy positive linear operator if it is fuzzy linear and the condition L(f ;x, y)  L(g;x, y)
is satisfied for any f, g ∈ C
(F)
2pi (R
2) and for all (x, y) ∈ R2 whenever f(x, y)  g(x, y).
Theorem 4. [21] If f : [a, b] × [c, d] → RF is continuous, then∫ d
c
∫ b
a
f(u, v)dudv
exists and[∫ d
c
∫ b
a
f(u, v)dudv
]
α
=
[∫ d
c
∫ b
a
f−α (u, v)dudv,
∫ d
c
∫ b
a
f+α (u, v)dudv
]
where the integrals are in the fuzzy Riemann sense.
3 Main Results
Theorem 5. Let {Lmn} be a double sequence of fuzzy positive linear operators from C
(F)
2pi (R
2) into itself. Assume
that there exists a corresponding sequence {L˜mn} of positive linear operators from C2pi(R
2) into itself with the
property
{Lmn(f ;x, y)}
∓
α = L˜mn(f
∓
α ;x, y) (3.1)
for all (x, y) ∈ R2, α ∈ [0, 1], and f ∈ C
(F)
2pi (R
2). Assume further that
lim
m,n→∞
‖L˜mn(fi)− fi‖ = 0, i = 0, 1, 2, 3, 4 (3.2)
where f0(x, y) = 1, f1(x, y) = sinx, f2(x, y) = sin y, f3(x, y) = cos x, f4(x, y) = cos y. Then, for all f ∈
C
(F)
2pi (R
2), we have
lim
m,n→∞
D∗ (Lmn(f), f) = 0.
Proof. Let f ∈ C
(F)
2pi (R
2) and (3.2) be satisfied. Let I and J be closed subintervals of length 2π of R. Fix
(x, y) ∈ I × J . It follows from the continuity of f that for given ε > 0 there is a number δ > 0 such that
|f∓α (u, v) − f
∓
α (x, y)| < ε+
2M∓α
sin2
(
δ
2
) {sin2(u− x
2
)
+ sin2
(
v − y
2
)}
whereM∓α := ‖f
∓
α ‖. In view of the linearity and positivity of the operators L˜mn, we have∣∣∣L˜mn(f∓α ;x, y)− f∓α (x, y)∣∣∣
≤ L˜mn(|f
∓
α (u, v)− f
∓
α (x, y)|;x, y) +M
∓
α
∣∣∣L˜mn(f0;x, y)− f0(x, y)∣∣∣
≤ L˜mn
(
ε+
2M∓α
sin2
(
δ
2
) {sin2(u− x
2
)
+ sin2
(
v − y
2
)}
;x, y
)
+M∓α
∣∣∣L˜mn(f0;x, y)− f0(x, y)∣∣∣
≤ ε+
(
ε+M∓α
) ∣∣∣L˜mn(f0;x, y)− f0(x, y)∣∣∣+ 2M∓α
sin2
(
δ
2
) L˜mn(sin2(u− x
2
)
+ sin2
(
v − y
2
)
;x, y
)
≤ ε+ (ε+M∓α )
∣∣∣L˜mn(f0;x, y)− f0(x, y)∣∣∣ + M∓α
sin2
(
δ
2
) {2 ∣∣∣L˜mn(f0;x, y)− f0(x, y)∣∣∣
+| sinx|
∣∣∣L˜mn(f1;x, y) − f1(x, y)∣∣∣
+| sin y|
∣∣∣L˜mn(f2;x, y) − f2(x, y)∣∣∣
+| cos x|
∣∣∣L˜mn(f3;x, y)− f3(x, y)∣∣∣
+| cos y|
∣∣∣L˜mn(f4;x, y) − f4(x, y)∣∣∣}
≤ ε+K∓α (ε)

4∑
i=0
∣∣∣L˜mn(fi;x, y)− fi(x, y)∣∣∣

where K∓α (ε) := ε+M
∓
α + 2M
∓
α
/
sin2(δ/2). Considering (3.1) if we take supα∈[0,1] max we get
D (Lmn(f ;x, y), f) ≤ ε+K(ε)

4∑
i=0
∣∣∣L˜mn(fi;x, y)− fi(x, y)∣∣∣

where K(ε) := sup
α∈[0,1]
max {K−α (ε),K
+
α (ε)}. Finally taking supremum over (x, y) we get
D∗ (Lmn(f), f) ≤ ε+K(ε)

4∑
i=0
∥∥∥L˜mn(fi)− fi∥∥∥
 .
This implies that D∗ (Lmn(f), f) → 0 as m,n → ∞ by condition (3.2) of the theorem. The proof is completed.
Now we give a theorem concerning the convergence of the sequence of positive linear operators acting on the
space C
(F)
2pi (R
2) with the help of modulus of continuity.
Theorem 6. Let (Lmn) be a double sequence of positive linear operators from C
(F)
2pi (R
2) into C
(F)
2pi (R
2) such that
(3.1) is satisfied. If
(i) lim
m,n→∞
‖L˜mn(f0)− f0‖ = 0
(ii) lim
m,n→∞
ωF (f ; γmn) = 0 where γmn =
√∥∥∥L˜mn(ϕ)∥∥∥ with ϕ(u, v) = sin2 (u−x2 )+ sin2 ( v−y2 ),
then for all f ∈ C
(F)
2pi (R
2)
lim
m,n→∞
D∗ (Lmn(f), f) = 0.
Proof. Let f ∈ C
(F)
2pi (R
2) and (x, y) ∈ [−π, π] × [−π, π]. Then f∓α ∈ C2pi(R
2) and in view of the proof of
Theorem 9 in [22] we have
|f∓α (u, v) − f
∓
α (x, y)| ≤
(
1 + π2
sin2
(
u−x
2
)
+ sin2
(v−y
2
)
δ2
)
ω(f∓α ; δ)
and followingly we get∣∣∣L˜mn(f∓α ;x, y) − f∓α (x, y)∣∣∣ ≤ L˜mn (|f∓α (u, v) − f∓α (x, y)|;x, y) +M∓α ∣∣∣L˜mn(f0;x, y)− f0(x, y)∣∣∣
≤ ω(f∓α ; δ)L˜mn
(
1 + (π/δ)2
{
sin2
(
u− x
2
)
+sin2
(
v − y
2
)}
;x, y
)
+M∓α
∣∣∣L˜mn(f0;x, y)− f0(x, y)∣∣∣
≤
∣∣∣L˜mn(f0;x, y)− f0(x, y)∣∣∣ω(f∓α ; δ) + ω(f∓α ; δ) + π2δ2 ω(f∓α ; δ)L˜mn (ϕ;x, y) +M∓α ∣∣∣L˜mn(f0;x, y)− f0(x, y)∣∣∣
≤
∣∣∣L˜mn(f0;x, y)− f0(x, y)∣∣∣ω(f∓α ; γmn) + (1 + π2)ω(f∓α ; γmn) +M∓α ∣∣∣L˜mn(f0;x, y)− f0(x, y)∣∣∣
by putting δ := γmn in the last part. Then, taking supα∈[0,1] max of both sides we get
D (Lmn(f ;x, y), f) ≤ K
{∣∣∣L˜mn(f0;x, y)− f0(x, y)∣∣∣ωF (f ; γmn) + ωF (f ; γmn) + ∣∣∣L˜mn(f0;x, y) − f0(x, y)∣∣∣}
whereK = max{1+π2, supα∈[0,1] max{M
−
α ,M
+
α }} in view of Thoerem 3. Finally taking supremum over (x, y)
we have
D∗ (Lmn(f), f) ≤ K
{
‖L˜mn(f0)− f0‖ω
F (f ; γmn) + ω
F (f ; γmn) + ‖L˜mn(f0)− f0‖
}
Taking limits of both sides as m,n → ∞ and considering conditions (i) − (ii) of Theorem 6, we complete the
proof.
4 Approximation via double level Fourier series of fuzzy valued functions
Following [24], we define double level Fourier series of fuzzy valued functions of two variables as the following.
Definition 7. Let f be a 2π-periodic and continuous fuzzy valued function defined onR2. Then double level Fourier
series of f is defined by the pair of series
a∓00(α)
4
+
1
2
∞∑
j=1
(a∓j0(α) cos jx+ c
∓
j0(α) sin jx) +
1
2
∞∑
k=1
(a∓0k(α) cos ky + b
∓
0k(α) sin ky)
+
∞∑
j=1
∞∑
k=1
{
a∓jk(α) cos jx cos ky + b
∓
jk(α) cos jx sin ky
+c∓jk(α) sin jx cos ky + d
∓
jk(α) sin jx sin ky
} (4.1)
where
a∓jk(α) =
1
π2
∫ pi
−pi
∫ pi
−pi
f∓α (x, y) cos jx cos kydxdy, b
∓
jk(α) =
1
π2
∫ pi
−pi
∫ pi
−pi
f∓α (x, y) cos jx sin kydxdy
c∓jk(α) =
1
π2
∫ pi
−pi
∫ pi
−pi
f∓α (x, y) sin jx cos kydxdy, d
∓
jk(α) =
1
π2
∫ pi
−pi
∫ pi
−pi
f∓α (x, y) sin jx sin kydxdy.
"-" and "+" signed series in (4.1) are called left and right double level Fourier series of f , respectively.
Levelwise approach to Fourier series of fuzzy valued functions provides researchers convenience in approximation
of fuzzy valued functions through level sets and is an alternative to the approach of Bede [23]. While being more
advantageous in calculations via level sets when compared to fuzzy Fourier series [23], level Fourier series(as pair
of functions with variable α) may not represent a fuzzy number. Besides, like the Fourier series in both classical and
fuzzy settings, level Fourier series of fuzzy valued functions may not converge to the fuzzy valued function in hand.
In one dimensional case [24], resummation methods are used to achieve the fuzzification of level Fourier series and
fuzzy trigonometric Korovkin approximation theorems are utilized to recover the convergence. Analogous way
may be utilized also in two dimensional case to deal with fuzzification and convergence of double level Fourier
series of fuzzy valued functions. In this way, now we define the double fuzzy Fejer operator and double fuzzy
Abel-Poisson convolution operator by means of taking Cesàro and Abel means of the double level Fourier series,
respectively. Here we remind the reader that Cesàro and Abel means of a double series
∑∞
j,k=0 ujk is defined by
σmn =
1
(m+ 1)(n+ 1)
m∑
j=0
n∑
k=0
tjk τrs =
∞∑
j=0
∞∑
k=0
ujkr
jsk
where {tmn} is the sequence of partial sums of
∑∞
j,k=0 ujk and r, s ∈ (0, 1).
Let f : R2 → RF be a continuous and 2π-periodic fuzzy valued function. Then, double fuzzy Fejer operator is
defined by
Fmn(f ;x, y) =
1
4π2
∫ pi
−pi
∫ pi
−pi
f(x− u, y − v)φm(u)φn(v)dudv
where
φm(x) =
{
sin2[(m+1)x/2]
(m+1) sin2[x/2]
if x is not a multiple of 2π
m+ 1 if x is a multiple of 2π.
Now we apply Theorem 5 to the double fuzzy Fejer operator. Since Fejer kernel {φm} is a positive kernel, {Fmn}
defines a sequence of fuzzy positive linear operators and there corresponds a sequence of positive linear operators
{F˜mn} such that
{Fmn(f ;x, y)}
∓
α = F˜mn(f
∓
α ;x, y) =
1
4π2
∫ pi
−pi
∫ pi
−pi
f∓α (x− u, y − v)φm(u)φn(v)dudv
which satisfies the property (3.1). Furthermore, since
F˜mn(f0;x, y) = f0
F˜mn(f1;x, y) =
m
m+ 1
f1(x, y) F˜mn(f2;x, y) =
n
n+ 1
f2(x, y)
F˜mn(f3;x, y) =
m
m+ 1
f3(x, y) F˜mn(f4;x, y) =
n
n+ 1
f4(x, y),
we have
‖F˜mn(fi)− fi‖ =

0, if i = 0
1
m+1 , if i = 1, 3
1
n+1 if i = 2, 4
and this implies limm,n ‖F˜mn(fi) − fi‖ = 0. Hence conditions (3.1) and (3.2) of Theorem 5 are satisfied and we
conclude Fmn(f)→ f uniformly. We note that convergence of sequence {Fmn} may also be verified by Theorem
6. We have limm,n ‖F˜mn(f0)− f0‖ = 0, and since
lim
m,n→∞
γmn = lim
m,n→∞
√∥∥∥∥F˜mn (sin2(u− x2
)
+ sin2
(
v − y
2
)
;x, y
)∥∥∥∥ = limm,n→∞
√
1
2(m+ 1)
+
1
2(n+ 1)
= 0,
we have limm,n ω
F (f ; γmn) = 0 by uniform continuity of f on R
2(see Theorem 2). Hence (i)− (ii) of Theorem
6 are satisfied and this implies Fmn(f)→ f uniformly.
Now we define double fuzzy Abel-Poisson convolution operator via Abel means of double level Fourier series.
Let f : R2 → RF be a continuous and 2π-periodic fuzzy valued function. Then, double fuzzy Abel-Poisson
convolution operator is defined by
Prs(f ;x, y) =
1
4π2
∫ pi
−pi
∫ pi
−pi
f(x− u, y − v)ψr(u)ψs(v)dudv (0 ≤ r < 1, 0 ≤ s < 1)
where ψr(x) =
1−r2
1−2r cos x+r2 ·We claim that limr,s→1− Prs(f) = f . We use the sequential criterion for the limit in
metric spaces to investigate the limit limr,s→1− Prs(f) and hence we consider the sequence of operators
Lmn(f ;x, y) =
1
4π2
∫ pi
−pi
∫ pi
−pi
f(x− u, y − v)ψrm(u)ψsn(v)dudv
where (rm) and (sn) are arbitrary sequences on [0, 1) such that limm rm = 1 and limn sn = 1. Now we again apply
Theorem 5. As the case in Fejer kernels, Abel-Poisson kernel {ψrm} is also positive and hence {Lmn} defines a
sequence of fuzzy positive linear operators and there corresponds a sequence of positive linear operators {L˜mn}
such that
{Lmn(f ;x, y)}
∓
α = L˜mn(f
∓
α ;x, y) =
1
4π2
∫ pi
−pi
∫ pi
−pi
f∓α (x− u, y − v)ψrm(u)ψsn(v)dudv.
Furthermore, since
L˜mn(f0;x, y) = f0
L˜mn(f1;x, y) = rmf1(x, y) L˜mn(f2;x, y) = snf2(x, y)
L˜mn(f3;x, y) = rmf3(x, y) L˜mn(f4;x, y) = snf4(x, y),
we have
‖L˜mn(fi)− fi‖ =

0, if i = 0
1− rm, if i = 1, 3
1− sn if i = 2, 4
and this implies limm,n ‖L˜mn(fi) − fi‖ = 0. Hence conditions (3.1) and (3.2) of Theorem 5 are satisfied and we
obtain that Lmn(f) → f uniformly. Since (rm) and (sn) are arbitrary, we conclude limr,s→1− Prs(f) = f . Here
we note that the approximation Lmn(f) → f may also be checked by Theorem 6. We have limm,n ‖L˜mn(f0) −
f0‖ = 0, and by the fact that
lim
m,n→∞
γmn = lim
m,n→∞
√∥∥∥∥L˜mn (sin2(u− x2
)
+ sin2
(
v − y
2
)
;x, y
)∥∥∥∥ = limm,n→∞
√
1− rm
2
+
1− sn
2
= 0,
we have limm,n ω
F (f ; γmn) = 0 by virtue of uniform continuity of f on R
2(see Theorem 2). Hence (i) − (ii) of
Theorem 6 are satisfied and this implies Lmn(f) → f uniformly. Again by the sequential criterion for limit we
have limr,s→1− Prs(f) = f .
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